Using conformal mapping techniques and the theory of Cauchy singular integral equations, we prove that it is possible to maintain a uniform internal stress field inside a non-elliptical elastic inhomogeneity embedded in an infinite matrix subjected to uniform remote stress despite the fact that the inhomogeneity interacts with a finite mode III crack. The crack can be modelled either as a Griffith crack or as a Zener-Stroh crack. Our analysis further indicates that the existence of the crack plays a key role in influencing the shape of the corresponding inhomogeneity but not the internal uniform stress field inside the inhomogeneity. Numerical examples are presented to demonstrate the solution.
Introduction
In the design and analysis of composite materials, one of the main objectives is to develop mathematical models capable of predicting the overall or effective behaviour of the composite from known properties of its individual constituent parts. In the case of fibrous composites, the relevant stress distributions in the composite can be modelled using inhomogeneitymatrix systems in which the fibres are represented by inhomogeneities embedded in a foreign matrix material. One of the most important challenges associated with inhomogeneity-matrix systems is concerned with the design of inhomogeneities in which the interior stress distribution remains uniform. This is primarily due to the fact that an interior uniform stress field is optimal in that it eliminates the possibility of stress peaks within the inhomogeneity (well known to be responsible for the mechanical failure of the entire inhomogeneity-matrix system) and effectively reduces the stress concentration in the surrounding matrix. The main focus in addressing this challenge has been on designing the shape of the inhomogeneity to achieve the desired uniform stress distribution inside the inhomogeneity. For example, the conditions under which uniformity of stresses can be achieved inside an elliptical or ellipsoidal inhomogeneity have been established for a large class of problems in linear plane and anti-plane isotropic elasticity, linear anisotropic elasticity and problems in which the inhomogeneity is assumed to be surrounded by a separate layer of finite thickness (so-called three-phase problems) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In the case of non-elliptic or non-ellipsoidal inhomogeneities, studies concerning internal uniform stress distributions have been undertaken in theories of both linear isotropic and anisotropic elasticity, in problems involving multiple inhomogeneities, screw dislocations and also in the context of refined continuum theories which can accommodate so-called nano-inhomogeneities [11] [12] [13] [14] [15] [16] [17] . All of the aforementioned studies, however, were based on the assumption that the elastic matrix surrounding the inhomogeneity is free of defects, for example, cracks. It is well known that the presence of cracks in a composite material will adversely affect its mechanical performance. It is then natural to ask how the presence of cracks in a matrix affects the design of an embedded inhomogeneity which is required to enclose a uniform interior stress field.
In this seminal work, we account for the influence of cracks in the design of elastic inhomogeneities enclosing uniform stress distributions. Specifically, we will investigate the uniform stress state inside a non-elliptical inhomogeneity interacting with a mode III Griffith or Zener-Stroh crack when the matrix is subjected to uniform anti-plane shear stress at infinity. The problem is solved via the introduction of a specifically constructed conformal mapping containing an unknown density function. We assume that the inhomogeneity is perfectly bonded to the matrix and impose the corresponding conditions describing continuity of traction and displacement across the inhomogeneity-matrix interface as well the condition describing traction-free crack faces. This leads to a Cauchy singular integral equation for the unknown density function appearing in the conformal mapping. This singular integral equation is solved numerically for the corresponding density function using the Gauss-Chebyshev integration formula [18] . The mapping function is then completely determined. Our analysis indicates clearly that the existence of the crack exerts no influence on the internal uniform stress state inside the inhomogeneity but plays a key role in determining the shape of the inhomogeneity. Various non-elliptical shapes of inhomogeneities admitting the desired internal uniform stress state are obtained.
Problem formulation
In the anti-plane shear deformations of an isotropic elastic material, the two shear stress components σ 31 and σ 32 , the out-of-plane displacement w and the stress function φ can be expressed in terms of a single analytic function f (z) of the complex variable z = x 1 + ix 2 as [7] σ 32 + iσ 31 = μf (z), φ + iμw = μf (z), (2.1) where μ is the shear modulus, and the two stress components can be expressed in terms of the stress function as [7] σ 32 = φ ,1 , σ 31 = −φ ,2 (2.2)
As illustrated in figure 1 , we consider a domain in 2 , infinite in extent, containing a non-elliptical elastic inhomogeneity with elastic properties different from those of the surrounding matrix. In addition, the matrix is weakened by a traction-free finite Griffith crack {a ≤ x 1 ≤ b, x 2 = 0 ± }. We represent the inhomogeneity by the domain S 1 and assume that the matrix occupies the domain S 2 . The perfectly bonded inhomogeneity-matrix interface will be denoted by L and the crack by C. The matrix is subjected to uniform remote anti-plane shear stresses (σ ∞ 31 , σ ∞ 32 ). Our objective is to analyse whether it is possible to induce a uniform stress state inside the non-elliptical inhomogeneity while it interacts with the mode III crack. In what follows, the subscripts 1 and 2 will be used to identify the respective quantities in S 1 and S 2 .
Uniform stresses inside a non-elliptical inhomogeneity interacting with a mode III crack
The boundary value problem describing deformations of the two-phase composite takes the form
where Γ = μ 1 /μ 2 . Equation (3.1a) describes the continuity of traction and displacement across the inhomogeneity-matrix interface L, equation (3.1b) characterizes the traction-free condition on the crack faces and equation (3.1c) gives the remote asymptotic behaviour of f 2 (z) due to the uniform stresses (σ ∞ 31 , σ ∞ 32 ) applied at infinity. Consider the following conformal mapping:
where R is a real scaling constant, p is a given real constant, q(η) is an unknown real density function to be determined, ξ 1 = ω −1 (a) and ξ 2 = ω −1 (b). Using this mapping function, the exterior of the inhomogeneity is mapped onto the exterior of the unit circle in the ξ -plane, the inhomogeneity-matrix interface L is mapped onto the unit circle |ξ | = 1 and the crack in the z-plane is mapped onto the slit {ξ 1 ≤ Re{ξ } ≤ ξ 2 , Im{ξ } = 0 ± } in the ξ -plane (figure 2). In addition, z = ∞ is mapped to ξ = ∞. In order to ensure that the stresses inside the elastic inhomogeneity are uniform, f 1 (z) should take the following form: where A is a complex constant to be determined. By imposing the continuity conditions of traction and displacement across the inhomogeneitymatrix interface L (see equation (3.1a)), we arrive at the following expression in which, in order to simplify the notation, we write f 2 
or more explicitly,
A comparison of equation (3.5) with equation (3.1c) leads to the following expression for the complex constant A: 6) which implies that the internal uniform stress state inside the inhomogeneity is independent of the existence of the crack. Meanwhile the same comparison also yields the following constraint:
which is required in order to ensure single-valuedness of the displacement and force-balance for any contour in the matrix. By assuming that the constant A is a real number (or equivalently σ ∞ 31 = 0) and imposing the traction-free condition on the crack surfaces in equation (3.1b), we arrive at the following Cauchy singular integral equation:
where Using the following change of variables:
Equations (3.8) and (3.7) can be recast into the following normalized form:
where
The unknown density function q(t) can be written as
where Q(t) is an unknown bounded function in [−1, 1]. Substituting equation (3.11) into equation (3.10) and using the Gauss-Chebyshev integration formula [18] , the singular integral equation in equation (3.10) reduces to the following set of linear algebraic equations: 12) from which Q(t 1 ), Q(t 2 ), . . . , Q(t n ) can be uniquely determined. Also by using the Gauss-Chebyshev integration formula, the mapping function in equation (3.2) can be approximated as follows: the inhomogeneity is given explicitly by
14)
The stresses are distributed within the cracked matrix as follows:
which can also be evaluated using the Gauss-Chebyshev integration formula. Of course, we can see from the above analysis that the stresses exhibit the classic square root singularity at the two crack tips.
Illustrative examples
In this section, several illustrative examples will be presented to demonstrate the solution obtained above.
In the first example, we choose
In this example, the inhomogeneity is softer than the surrounding matrix (Γ = 1/9). The nonelliptical shape of the inhomogeneity and the location of the finite crack are shown in figure 3 . The distribution of the stress component σ 32 along the positive real axis is shown in figure 4 . It is quite clear that σ 32 becomes singular at the crack tips and takes the value σ 32 ≡ 0.2632σ ∞ 32 inside the inhomogeneity. Continuity of displacement across the inhomogeneity-matrix interface L (or equivalently continuity of the tangential derivative of the displacement along L) is also reflected in figure 4 which therefore also verifies numerically the correctness of equation (3.14) . 
2).
In the second example, we choose
In this example, the inhomogeneity is also softer than the surrounding matrix (Γ = 1/3). The nonelliptical shape of the inhomogeneity and the location of the finite crack are shown in figure 5 . It is observed from figure 5 that two portions of the interface L are almost in contact with each other.
In the third example, we choose In this example, the inhomogeneity is stiffer than the surrounding matrix (Γ = 3). The nonelliptical shape of the inhomogeneity and the location of the finite crack are shown in figure 6 . It is observed from figure 6 that the boundary of the inhomogeneity has a sharp corner.
In the fourth example, we choose
In this example, the inhomogeneity is stiffer than the surrounding matrix. The non-elliptical shape of the inhomogeneity and the location of the finite crack are shown in figure 7 . It is observed from figure 7 that there exist two sharp corners on the boundary of the inhomogeneity. In the fifth and last example, we choose
In this example, the inhomogeneity is stiffer than the surrounding matrix. The non-elliptical shape of the inhomogeneity and the location of the finite crack are shown in figure 8 . It is observed from figure 8 that there exist three sharp corners on the boundary of the inhomogeneity.
Further discussions
In our previous discussions, we assumed that the finite crack is a Griffith crack satisfying the constraint in equation (3.7) . In this section, we will discuss another situation in which the crack is a Zener-Stroh crack loaded by the net screw dislocation Burgers vector b T and by remote stresses σ ∞ 32 = 0, σ ∞ 31 = 0. The history and physical background of the Zener-Stroh crack can be found in Fan & Xiao [19] . In this case, the resulting Cauchy singular integral equation is again that in equation (3.8) while the constraint in equation (3.7) is replaced by the following:
By adopting the change of variables in equation (3.9) , we arrive at the following normalized form of the Cauchy singular integral equation: where
Substituting equation (3.11) into equation (5.2) and using the Gauss-Chebyshev integration formula [18] , the singular integral equation in equation (5.2) reduces to the following set of linear algebraic equations:
In the case of a Zener-Stroh crack, the uniform stress field inside the inhomogeneity is still given by equation (3.14) . Illustrated in figure 9 are the non-elliptical shape of the inhomogeneity and the location of the Zener-Stroh crack when choosing the parameters in equation (4.2) and Y = −1. Figure 10 illustrates the case when choosing the parameters in equation (4.3) and Y = 1. By comparing figure 9 with figure 5 and figure 10 with figure 6 , we can see that the net screw dislocation Burgers vector of the Zener-Stroh crack exerts a significant effect on the shape of the inhomogeneity. We further illustrate in figure 11 the distribution of the stress component σ 32 along the positive real axis for the choice of parameters in equation (4.3) and Y = 1. It is clear from figure 11 that σ 32 becomes singular at the crack tips and takes the value σ 32 ≡ 1.3043σ ∞ 32 inside the inhomogeneity. Continuity of displacement across the inhomogeneitymatrix interface L (or equivalently continuity of the tangential derivative of the displacement along L) is also reflected in figure 11 which therefore also verifies numerically the correctness of equation (3.14) . 
Conclusion
In this study, we have succeeded in establishing the existence of uniform stresses inside a nonelliptical elastic inhomogeneity interacting with a mode III finite Griffith or Zener-Stroh crack subjected to uniform anti-plane shear stress σ ∞ 32 at infinity. The conformal mapping is introduced in equation ( equation (3.13) . Our numerical results indicate that: (i) the boundary of the inhomogeneity can be convex ( figure 10) or non-convex (figures 3, 5 and 9) ; (ii) one portion of the boundary of the inhomogeneity can slightly contact the remainder as illustrated in figure 5 ; (iii) the boundary of the inhomogeneity may have one sharp corner (figure 6), two sharp corners (figure 7) and even three sharp corners (figure 8); (iv) the net screw dislocation Burgers vector of the Zener-Stroh crack exerts a significant influence on the shape of the inhomogeneity (by comparing figure 9 with figure 5 and figure 10 with figure 6 ).
Our solution can be conveniently modified to study the uniformity of stresses inside an elastic inhomogeneity interacting with a rigid line inclusion (or 'anticrack' as referred to by Dundurs & Markenscoff [20] ). We note from equation (3.5 ) that the constant A should now be a purely imaginary number (or equivalently σ ∞ 32 = 0). If the stress field inside an inhomogeneity interacting with a finite Griffith crack is uniform, the stress field inside an inhomogeneity with the same boundary but interacting with an anticrack occupying the same position of the Griffith crack will also be uniform if a negative sign is added to the value of the mismatch parameter K for inhomogeneity-crack interaction to arrive at the mismatch parameter. In this case, the internal uniform stress field inside the inhomogeneity is given by
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